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We present a family of nonrelativistic Yang–Mills gauge theories in D + 1 dimensions whose free-
ﬁeld limit exhibits quantum critical behavior with gapless excitations and dynamical critical exponent
z = 2. The ground state wavefunction is intimately related to the partition function of relativistic Yang–
Mills in D dimensions. The gauge couplings exhibit logarithmic scaling and asymptotic freedom in the
upper critical spacetime dimension, equal to 4 + 1. The theories can be deformed in the infrared by a
relevant operator that restores Poincaré invariance as an accidental symmetry. In the large-N limit, our
nonrelativistic gauge theories can be expected to have weakly curved gravity duals.
© 2010 Elsevier B.V. Open access under CC BY license. We present a class of nonrelativistic Yang–Mills gauge theo-
ries which exhibit anisotropic scaling between space and time.
Our motivation originates from several different areas of physics,
which have been experiencing a stimulating conﬂuence of theoret-
ical ideas recently: condensed matter theory, in particular quantum
critical phenomena, string theory, and gauge–gravity duality.
In our study, we consider the case of D + 1 spacetime dimen-
sions, continuing the viewpoint advocated in [1] that the interface
of condensed matter and string theory is best studied from the
vantage point of arbitrary number of dimensions, even though
practical applications to condensed matter are likely to be ex-
pected only for D  3.
The theories presented here are candidates for the descrip-
tion of new universality classes of quantum critical phenomena in
various dimensions. They combine the idea of non-Abelian gauge
symmetry, mostly popular in relativistic high-energy physics, with
the concept of scaling with nonrelativistic values of the dynamical
critical exponent, z = 1.1 In combination, this anisotropic scaling
together with Yang–Mills symmetry opens up a new perspective
on gauge theories, changing some of the basic features of relativis-
tic Yang–Mills such as the critical dimension in which the theory
exhibits logarithmic scaling.
Since our theories can be constructed for any compact gauge
group, the choice of the SU(N), SO(N) or Sp(N) series yields a
class of theories with anisotropic scaling and a natural large-N ex-
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Open access under CC BY license. pansion parameter. These theories can then be expected to have
weakly-curved gravitational duals, perhaps leading to new real-
izations of the AdS/nonrelativistic CFT correspondence which has
attracted considerable attention recently [3–6]. Finally, it turns out
that our theories are intimately related to relativistic theories in
one fewer dimension, and therefore can shed some new light on
the dynamics of the relativistic models.
1. Theories of the Lifshitz type
We work on a spacetime of the form R× RD , with coordinates
t and x≡ (xi), i = 1, . . . D , equipped with the ﬂat spatial metric δi j
(and the metric gtt = 1 on the time dimension). The theories pro-
posed here are of the Lifshitz type, and exhibit ﬁxed points with
anisotropic scaling characterized by dynamical critical exponent z
(see, e.g., [7]),
x→ bx, t → bzt. (1.1)
We will measure dimensions of operators in the units of spatial
momenta, deﬁning
[
xi
]= −1, [t] = −z. (1.2)
The prototype of a quantum ﬁeld theory with nontrivial dynami-
cal exponent z is the theory of a single Lifshitz scalar φ(x, t). In
its simplest incarnation, this theory is described by the following
action,
S = 1
∫
dt dDx
{
(φ˙)2 − 1
2
(φ)2
}
, (1.3)2 4κ
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Letter we adhere to the nonrelativistic notation, and denote the
time derivative by “˙”.
The Lifshitz scalar is a free-ﬁeld ﬁxed point with z = 2. The
engineering dimension of φ is [φ] = D/2− 1, i.e., the same as the
dimension of the relativistic scalar in D spacetime dimensions, im-
plying an interesting shift in the critical dimensions of the z = 2
system compared to its relativistic cousin.
Note that the potential term in the Lifshitz action (1.3) is of the
form(
δW [φ]
δφ
)2
, (1.4)
where W is the Euclidean action of a massless relativistic scalar in
D dimensions,
W [φ] = 1
2κ
∫
dDx (∂iφ∂iφ). (1.5)
When Wick rotated to imaginary time τ = it , the action can be
written as a perfect square,
S = i
2
∫
dτ dDx
{(
∂τ φ + 1
2κ
φ
)2}
, (1.6)
because the cross-term in (1.6) is a total derivative, φ˙φ/κ = −W˙ ,
and can be dropped.
The coupling κ ∈ [0,∞) parametrizes a line of ﬁxed points. If
we wish, we can absorb κ into the rescaling of the time coordinate
and a rescaling of φ.
In the original condensed-matter applications [8–10], the aniso-
tropy is between different spatial dimensions, and the Lifshitz
scalar is designed to describe the tricritical point at the juncture
of the phases with a zero, homogeneous and spatially modulated
condensate.
2. Yang–Mills theory and quantum criticality
Our nonrelativistic gauge theory in D + 1 dimensions will be
similarly associated with relativistic Yang–Mills in D dimensions.
Our gauge ﬁeld is a one-form on spacetime, with spatial com-
ponents Ai = Aai (x j, t)Ta and a time component A0 = Aa0(xi, t)Ta .
The Lie algebra generators Ta of the gauge group G (which we take
to be compact and simple or a U (1)) satisfy commutation relations
[Ta, Tb] = i fabc Tc . We normalize the trace on the Lie algebra of G
by Tr(TaTb) = 12 δab .
Our theory will be invariant under gauge symmetries
δ Ai =
(
∂i
a + fbca Abi c
)
Ta ≡ Di,
δ A0 = ˙ − i[A0, ]. (2.1)
Gauge-invariant Lagrangians will be constructed from the ﬁeld
strengths
Ei =
(
A˙ai − ∂i Aa0 + fbca Abi Ac0
)
Ta = A˙i − ∂i A0 − i[Ai, A0],
Fij =
(
∂i A
a
j − ∂i Aai + fbca Abi Acj
)
Ta
= ∂i A j − ∂i Ai − i[Ai, A j]. (2.2)
We will now construct a theory which has z = 2 in the free ﬁeld
limit. The engineering dimensions of the gauge ﬁeld components
at the corresponding Gaussian ﬁxed point will be
[Ai] = 1, [A0] = 2. (2.3)
The Lagrangian should contain a kinetic term which is quadratic
in ﬁrst time derivatives, and gauge invariant. The unique candidatefor this kinetic term is Tr(Ei Ei), of dimension [Tr(Ei Ei)] = 6. One
can then follow the strategy of effective ﬁeld theory, and add all
possible terms with dimensions  6 to the Lagrangian. This would
allow terms such as Tr(Fij Fk	F	i), Tr(Di F jkDi F jk), Tr(Di FikD j F jk)
(all of dimension six), a term Tr(Fij F i j) of dimension four, etc.
One could indeed deﬁne the theory in this fashion, study the
renormalization-group (RG) behavior in the space of all the cou-
plings, and look for possible ﬁxed points. This interesting problem
is beyond the scope of the present Letter. Instead, we pursue a
different strategy, and limit the number of independent couplings
in a way compatible with renormalization. The trick that we will
use is familiar from a variety of areas of physics, such as dynam-
ical critical systems [11,12], stochastic quantization [13,14], and
nonequilibrium statistical mechanics.
Inspired by the structure of the Lifshitz scalar theory, we take
our action to be
S = 1
2
∫
dt dDx
{
1
e2
Tr(Ei Ei) − 1
g2
Tr
(
(Di Fik)(D j F jk)
)}
. (2.4)
This is a Lagrangian with z = 2 and no Galilean invariance. As a
result, there is no symmetry relating the kinetic term and the po-
tential term, and therefore no a priori relation between the renor-
malization of the two couplings e and g . The potential term is
again the square of the equation of motion that follow from an ac-
tion: the relativistic Yang–Mills in D Euclidean dimensions. When
a theory in D + 1 dimensions is so constructed from the action of
a theory in D dimensions, we will say that it satisﬁes the detailed
balance condition, borrowing the terminology common in nonequi-
librium dynamics.
3. At the free-ﬁeld ﬁxed point with z = 2
The free-ﬁeld ﬁxed point will be obtained from (2.4) by taking
e and g simultaneously to zero. Keeping both the kinetic and the
potential term ﬁnite in this limit requires rescaling the gauge ﬁeld,
A˜ai ≡ Aai /
√
eg , and keeping A˜ai ﬁnite as we take e and g to zero.
This gives
S = 1
2
∫
dt dDx
{
g
e
Tr(E˜ i E˜ i) − e
g
Tr
(
(∂i F˜ ik)(∂ j F˜ jk)
)}
, (3.1)
where E˜ i and F˜ i j are the linearized ﬁeld strengths of A˜i .
We see that there is actually a line of free ﬁxed points,
parametrized by the dimensionless ratio
λ = g
e
. (3.2)
As in the Lifshitz scalar theory, if we wish we can absorb λ into a
rescaling of time, tnew = t/λ.
The special properties of the Lifshitz scalar make it possible to
determine the exact ground-state wavefunction [9],
Ψ
[
φ(x)
]= exp
{
− 1
4κ
∫
dDx(∂iφ∂iφ)
}
. (3.3)
This Ψ is equal to exp(−W [φ]/2), where W [φ] is the action (1.5)
of the relativistic scalar in D dimensions. The norm
∫ Dφ(x)Ψ ∗Ψ
equals the partition function of this relativistic theory.
Similarly, we can relate the ground-state wavefunction of our
z = 2 gauge theory to the partition function of relativistic Yang–
Mills. The momenta and the Hamiltonian are
P˜ ai =
λ
2
E˜ai ,
H = 2
∫
dt dDxTr
{
P˜ i P˜ i + 1 (∂i F˜ ik)(∂ j F˜ jk)
}
. (3.4)λ 4
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tion,
A0 = 0. (3.5)
This does not ﬁx all gauge symmetries, leaving the subgroup of
time-independent gauge transformations unﬁxed. We can elimi-
nate the residual gauge invariance by setting
∂i Ai = 0 (3.6)
at some ﬁxed time slice with t = t0. However, since the equations
of motion obtained from varying A0 yield ∂i A˙i − DiDi A0 = 0, once
we adopt the gauge (3.5) and select (3.6) at t = t0, this condition
will continue to hold for all t . First we consider the linearized the-
ory describing the free-ﬁeld ﬁxed point. The Hamiltonian operator
can be written as
H = 1
λ
∫
dt dDxTr
(
Q †Q + Q Q †)
= 2
λ
∫
dt dDxTr
(
Q †Q
)+ E0, (3.7)
where we have deﬁned
Q ai = −
δ
δ A˜ai
+ 1
2
∂k F˜
a
ki. (3.8)
The vacuum energy E0 is a ﬁeld-independent normal-ordering
constant. The energy will be minimized by solutions of Q Ψ [Ai]
= 0. Thus, we obtain the ground-state wavefunction
Ψ
[
Ai(x)
]= exp
{
−1
4
∫
Tr( F˜ i j F˜ i j)
}
= exp
{
− 1
4eg
∫
Tr(Fij F i j)
}
, (3.9)
where we have restored the original normalization of the lin-
earized gauge ﬁeld. The exponent is one half of the quadratic part
of the Euclidean Yang–Mills action
W [Ai] = 1
2g2YM
∫
dDxTr(Fij F i j) (3.10)
in Lorenz gauge, if we identify the Yang–Mills coupling as
g2YM = eg. (3.11)
A closer inspection shows that (3.9) is indeed the correct ground-
state wavefunction of the linearized theory. In particular, the en-
ergy is bounded from below, and the spectrum of excitations at
the free-ﬁeld ﬁxed point consists of D − 1 polarizations of gauge
bosons with the gapless nonrelativistic dispersion relation
ω2 = (k
2)2
λ2
. (3.12)
Note the presence of both positive and negative frequency modes:
The concept of particles and antiparticles in our model is similar
to that of a relativistic theory.
The form of the ground-state wavefunction (3.9) should be con-
trasted with that of relativistic Yang–Mills theory in 3 + 1 dimen-
sions, which also obeys the detailed balance condition, with the
Chern–Simons action
WCS =
∫
ω3(A),
ω3(A) = Tr
(
A ∧ dA + 2 A ∧ A ∧ A
)
. (3.13)3This makes Ψ ∼ exp(−WCS/2) a candidate solution of the Schrö-
dinger equation. This solution is unphysical, for many reasons
(see [15] for a detailed discussion), while in our case the solu-
tion (3.9) of the Schrödinger equation is the physical ground-state
wavefunction.
The anisotropic scaling with z = 2 shifts the critical dimension
of the system: The engineering dimensions of the couplings at our
free ﬁxed point are
[
e2
]= [g2]= 4− D. (3.14)
The system is at its upper critical dimension when D = 4, i.e., in
4+ 1 spacetime dimensions.
4. Quantization
The quantum theory is formally deﬁned by the path-integral∫
DAi exp
(
i S[A]), (4.1)
where DAi is the gauge-invariant measure on the space of gauge
orbits. As in relativistic quantum ﬁeld theory, it will be convenient
to perform the Wick rotation to imaginary time, τ = it . After the
Wick rotation, our action can be rewritten in the following form,
S = i
2
∫
dτ dDxTr
(
1
e2
EkEk + 1g2 Di FikD j F jk
)
= i
2
∫
dτ dDxTr
{(
1
e
Ek + 1g Di Fik
)(
1
e
Ek + 1g D j F jk
)}
, (4.2)
i.e., as a sum of squares, one for each ﬁeld Aai . The cross-terms are
a combination of a total derivative, A˙i Dk Fik/(2eg) = W˙ [A j], and a
gauge transformation, (Di A0)(Dk Fik)/(2eg) = δA0W [A j] = 0, of the
D-dimensional Euclidean Yang–Mills action W [Ai]. The imaginary-
time action (4.2) is formally equivalent to the action that appears
in stochastic quantization [13] of the relativistic Yang–Mills theory
in D dimensions, if we identify τ as the “ﬁctitious time,” and A0
as the ﬁeld introduced in the process of “stochastic gauge ﬁxing”
[16].
Using an auxiliary ﬁeld Baj , we can rewrite∫
DAi exp(i S)
=
∫
DAiDBi exp
{
−
∫
dτ dDx
(
Bi
(
1
e
Ei + 1
g
Dk Fik
)
− 1
2
Bi Bi
)}
. (4.3)
The key to the renormalizability of this setup [16] is to show that
any ﬁeld-dependent counterterm generated is at least linear in
Bai .
2 As a result, the theory inherits the renormalization properties
from the associated theory in D dimensions, with the only new
renormalization to be performed being that of the relative normal-
ization of time and space.
In the critical dimension 4 + 1, this “quantum inheritance
principle” suggests that our nonrelativistic gauge theory could
be asymptotically free. We deﬁne the RG beta functions βe =
2 An important part of the argument is to show that the Jacobian of the change
of variables from Ai to A˙i + Dk Fik/λ is independent of Ak , see [16] for details. One
can also represent the Jacobian by integrating in a pair of fermions ηai , η¯
a
i . Together
with Aai and B
a
i , these ﬁelds can be interpreted as members of a supermultiplet of
Parisi–Sourlas supersymmetry. We will not use such a supersymmetric framework
in this Letter.
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malized couplings and μ the RG scale. Borrowing results from
stochastic quantization, we get at one loop in gYM [14,17,18]
βe = −3
2
C2 e
2g + · · · , βg = −35
6
C2eg
2 + · · · , (4.4)
where C2 ≡ c2(G)/(4π)2, with c2(G) the quadratic Casimir of the
adjoint of G (for example, c2(SU(N)) = N). This RG ﬂow pattern
implied by (4.4) can be disentangled by switching from (e, g) to
(gYM, λ), which yields
μ
dgYM
dμ
= −11
3
C2 g
3
YM + O
(
g5YM
)
,
μ
dλ
dμ
= −13
3
C2 g
2
YMλ + O
(
g4YMλ
)
. (4.5)
This is solved by
1
g2YM(μ)
= 1
g2YM(μ0)
+ 22
3
C2 log
(
μ
μ0
)
,
λ(μ) = λ(μ0)
(
gYM(μ)
gYM(μ0)
)13/11
. (4.6)
The theory is indeed asymptotically free. Moreover, the one-loop
beta function for gYM coincides with that of relativistic Yang–Mills
in four dimensions. The theory exhibits dimensional transmutation,
with a dynamically generated scale Λ. The line of Gaussian ﬁxed
points parametrized by λ is lifted: Nonzero gYM induces a ﬂow of
λ towards smaller values.
In lower dimensions D < 4, the theory is superrenormalizable
by power counting, and we expect it to become strongly coupled in
the infrared (IR). It would be interesting to investigate this regime
further, with possible applications to quantum critical systems in
mind. Gauge–gravity duality might be the right technique how to
understand such strongly coupled theories, especially at large N .
5. Relevant deformations: softly broken detailed balance
The asymptotic freedom of our theory in 4+ 1 dimensions sug-
gests the possibility of using it as a UV completion of otherwise
nonrenormalizable effective theories, and in particular, of relativis-
tic Yang–Mills theory.
In theories that satisfy the detailed balance condition, we could
add relevant deformations to W , preserving the detailed balance
condition. For example, adding m20φ
2 to W [φ] of the Lifshitz scalar
theory is such a deformation; the theory ﬂows under this defor-
mation to a z = 1 theory with accidental relativistic invariance in
the infrared. Our Yang–Mills theory has no relevant deformations
of this type.
Alternatively, we can add relevant deformations directly to S .
This will represent a soft violation of the detailed balance condi-
tion. There is one relevant term that can so be added to S ,
S = −mD−2
∫
dt dDxTr(Fij F i j). (5.1)
If mD−2 > 0, this will lead naturally to a z = 1 relativistic theory
at long distances. No other, lower-dimensional nontrivial gauge-
invariant scalar operators exist.
In order to make the relativistic symmetry in the infrared man-
ifest, it is natural to rescale the time dimension,
x0 = ct. (5.2)
In terms of the UV variables, the speed of light is given byc = 2mD/2−1e. (5.3)
Until we couple matter to the Yang–Mills sector, the relativistic
symmetry is protected by the gauge invariance if the gauge group
is simple. In terms of the relativistic notation for the ﬁelds, Aμ =
(A0/c, Ai), our deformed classical action is
S + S = − 1
2g2eff
∫
dD+1x
{
Tr
(
Fμν F
μν
)
+ m
2−D
2g2
Tr
(
(DkFki)(D j F ji)
)}
. (5.4)
The dimensionful effective Yang–Mills coupling of the infrared the-
ory is given by
g2eff =m1−D/2e. (5.5)
From the perspective of the infrared free-ﬁeld ﬁxed point, the
(DF )2 term in (5.4) represents an irrelevant deformation, which
modiﬁes the relativistic massless dispersion relation kμkμ ≡ −k20 +
k2 = 0 to
kμk
μ = −m
2−D
2g2
(kiki)
2. (5.6)
This correction only becomes important at high energies, conﬁrm-
ing that microscopically there is no speed limit in this theory.
In the relativistic spacetime coordinates, the dispersion relation
asymptotes at large k to |k0| = k2/(2M), with M =mD/2−1g .
In the free-ﬁeld limit gYM = 0, this ﬂow from the z = 2 UV
ﬁxed point to the relativistic z = 1 theory in the infrared is exact.
Turning on gYM in 4 + 1 dimensions leads to dimensional trans-
mutation, implying a competition of scales: If m  Λ, the theory
starts ﬂowing towards the z = 1 IR ﬁxed point before reaching
strong coupling, while for m  Λ it is driven to strong coupling
ﬁrst.
Another interesting possibility is to start with mD−2 < 0, which
would be analogous to the spatially modulated phases of the Lif-
shitz scalar theory.
6. Conclusions
In this Letter, we focused on the basic features of the sim-
plest, bosonic version of Yang–Mills gauge theory with anisotropic
scaling in D + 1 dimensions. Clearly, many interesting questions
remain open for further study.
One immediate question is whether this framework can be su-
persymmetrized, at least in the D-dimensional sense: One can
consider replacing the relativistic D-dimensional theory in our
construction with one of its supersymmetric extensions. If the
quantum inheritance principle continues to hold in such cases, our
construction might lead to new nontrivial nonrelativistic RG ﬁxed
points in D + 1 dimensions. One particularly tempting question to
ask is how the N = 4 super Yang–Mills CFT ﬁts into this frame-
work.
It should also be interesting to see whether the class of nonrel-
ativistic gauge theories presented in this Letter can be engineered
from string theory, in particular from D-brane conﬁgurations. Such
a construction would allow a more systematic study of these the-
ories and their anticipated gravitational duals.
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